Motivation: To study schemes, an important and fun generalization of quasiprojective
varieties.

1. Quasiprojective varieties are “locally affine” (they are unions of affine varieties).

2. Quasiprojective varieties have a sheaf as part of their definition: Ox(X) (global sec-
tions), Ox (U) (regular functions), Ox, p (local rings, regular at a point p).

3. Schemes will be “locally affine” (unions of affine schemes) and also have a sheaf.

4. Quasiprojective varieties required an embedding in P”, whereas schemes are coordinate-free
(intrinsically).

5. Affine varieties over k < finite generated k-algebras that are integral domains, whereas
affine schemes <> rings.

Definition 1. A presheaf F (of Abelian groups on a topological space X) consists of
the following data: (1) to every U € Top(X), F assigns an Abelian group F(U). (2) to
every inclusion U C V, F assigns a group homomorphism pyy : F(V) — F(Y) such that
pvv =idand U CV CW = pwy = pyu o pwv. (3) F(&) =0.

That is, a presheaf is a contravariant functor F : Top(X) — Ab. Note that F(X) are the
global sections, F(U) are the sections on U, and pyy is the restriction map. We denote

PVU(f) =f |U~

Definition 2. A sheaf F is a presheaf satisfying (4, identity) if {U;} is an open cover for
U and f € F(U) such that f |y, is 0 for all ¢, f = 0, and (5, gluing) if {U;} is an open cover
for U, and if {f;} C F(U;) is a collection such that f; |v,nv;= f; |u,nu; for all 4, j, then
there f € F(U) such that f |y,= fi.

Given the correct definitions, presheaves are common, but sheaves are useful.

Example. e X a quasiprojective variety, Ox(U) the regular functions on U, for U
Zariski open.

e X any topological space, U — C(X,R).
e X smooth manifold, U — C*°(X,R).

e (Non-example) X = R, U — BC(U,R) (gluing does not work for (n,n + 2) and
f(z) = z).

Sections of a Vector Bundle

— X smooth manifold, U +— I'*(U), s € T'>°(U) implies s : U = UperTpX for
s smooth. If we think of our tangent space as a line bundle, then the ideas of
“sheaf” and “stalk” correlate nicely with their agricultural definitions.

— X smooth manifold, U + QF(U), the smooth differential k-forms on U (s €
QF(U) = s: U — Uper A (T,X*) where s(p) € AF(T,X*), s smooth.

¢ (Non-example) X = {0,1} with discrete topology, F(X) = R?, restriction maps to
first and second components, F(0) = F(1) = R.



e (Non-example, constant presheaf) Fix Abelian group A, F(U) = A for all U # &.
Restriction is the identity always, except to the empty set (of course). To see why
this is a non-example: Let X = {0,1}, A = Z. Then 2 € F(0), 3 € F(1). Note
2 Jon1= 3 |on1= 0. Hence there should exist an n € Z such that n [p= 2 and n |;= 3.
(Gluing is usually difficult over disconnected spaces.)

e X any topological space, A Abelian, U — C(U, A) where A has the discrete topology.
These functions here are locally constant (constant on any connected subset of U).

e Skyscraper Sheaf. X any topological space, A Abelian, p € X fixed. F(U) =

AifpeU
ip,*A(U) = o P .
0 otherwise

Definition 3. For p € X, F a presheaf, the stalk of F at p is F, = lim FU) =

N
u€Top(X)
peU

{[f,Ullpe U eTop(X), f e F(U),[f,U] =g, V]if IW,pe W CUNV, sit. flw=g|w

£, U] = [f lw,W] for all p e W C U. F, is an Abelian group under the operation
£, Ul + 19, V] = [f lunv +9 lunv,U NV], identity [0,U]. Notes: [f,U] € F, is called a
germ. An example of this is Cp°(U,R), the set of functions defined on U smooth around
p with the equivalence relation given in the definition above, and the group being that
O p. The stalks of the constant presheaf (global), constant sheaf (local) are all A. For the
skyscraper sheaf, the sheaves are A if in the closure of {p} and 0 otherwise.

Definition 4. A morphism of presheaves ¢ : F — G is a collection of homomorphisms {¢y :
F(U) — G(U)} such that, if U C V, pyy o ¢y = ¢pypyvy. That is, the maps commute with
restriction maps, or equivalently ¢,(F) |p= ou(f |uv) (i.e., ¢ is a natural transformation).
A morphism of sheaves is a morphism of presheaves. This morphism is an isomorphism if
¢y is an isomorphism for all U € Top(X).

Proposition 1. If ¢ : F — G is a morphism of presheaves, there is an induced group
homomorphism on stalks ¢, : F, = G, for allp € X.

Proof. Define ¢,([f,U]) = [¢u(f),U]. Let us show this is well-defined. If [f,U] = [g, V],
there exists W,p € W C U NV, such that f |w= g |w. So ¢u(f |w) = dw(g lw) =
ou(f) lw= ov(9) lw= [¢u(F),U] = [¢v(g), V] (this is by the equivalence relation inside
the stalk) = ¢, ([f, U]) = ¢p([g, V]). O

Theorem 1. Given ¢ is a morphism of sheaves, ¢ : F — G is an isomorphism of sheaves iff
the induced maps ¢, : F, — G, are isomorphisms for allp € X. That is, ¢y : F(U) — G(U)
is an isomorphism for all U iff ¢, : F, = G, an isomorphism for all p.

Proof. (=) Assume ¢y : F(U) — G(U) is an isomorphism for all U € Top(X). (Surjectiv-
ity) Let [g,V] € G,. Then g € G(V) = 3f € F(V) such that ¢y (f) = g. Then ¢,([f,V]) =
[bv(f),V] = [9,V]. (Injectivity) Assume ¢, ([f,U]) "7 EE M [60(£),U] = 0 € G,
Then there exists p € W C U such that f |y= 0. Then ¢w (f |w) =0= ¢u(f) lw=0=
ow (f |w) =0= f |w= 0 since ¢y is injective, so [f,U] =0 € F,.

(<) Assume ¢, is an isomorphism for all p € X. We will show ¢y is injective



for any U. Assume ¢y(f) = 0 = [pu(f),U] = [0,U] =0 € G, for all p € U. So
op([f,U]) = [ou(f), Ul =0 € G), for all p € X. Hence [f,U] =0 € F, for all p e X. So for
all p € X, there exists W,,p € W), C U such that f [y, = 0. {W,} is an open cover for U,
so f=0.

Now we show ¢y is surjective for all U. Let g € G(U). We want to show there is an
f € F(U) such that ¢y (f) = g. Then [g,U] € G, for all p € U, so for all p € U, there exists
fp € F(Vp) such that ¢,([fp, V) = [ov,(fp), Vu] = [9,U]. Then for all p € U, there is a
Wp,p € Wy, C V, N U such that ¢y, (fp) |w,= g9 lw,= ow,(fp lw,) = g |lw, forall p € U.
Now for all p,q € U, we get ow,(fp |lw,) lw,aw,= (9 Iw,) lw,aw, = dw,nw, (fp lw,nw,
) = g lw,nw,. Similarly, ¢w,nw, (fq lw,nw,) = g lw,nw,, and by injectivity of ¢ we get
JoNw,nw, = fq lw,nw,. By gluing, then there exists f € F'(U) such that f |w,= f, lw,-

Hence ¢u(f) lw,= ow,(f lw,) = ow,(fp lw,) From_above g |w, for all p € U. These agree
on every element of an open cover {W,}. So ¢y (f) =g. O

Definition 5. Let F be a presheaf. The sheafification of F (F*",6) is given by F*}(U) =
{s :U = UpevFp : s(p) € Fpforallpe U, andVp € U, Ip € V C U and t € F(v)
such that s(q) = [t,V] Vg € V}, along with the sheafification morphism 6 : F — FsB
given by 0,(f) : U = UpeuFp, 0u(f)(p) = [f,U] for all p € U € Top(X) and f € F(U).
Equivalently 75" (U) = {s : U — UpeuFp | s(p) € Fp forallp e U,andVp e U,IpeV C U
and t € F(V) such that s |[y= 0y (t)}. Note that U,eyF, with a given topology is called
Espace Etalé, so F**(U) = {s: U — UyerrF, | s(p) € F, for all p € U, and s is continuous
with respect to this topology}.

Theorem 2. Let F be a presheaf, (F*",0) its sheafification. Then (1) F*" is a sheaf, (2)
]-';h ~ F, Vp € X, (3) if F is a sheaf already, F = F*", (4) (F*",0) has the universal
property; i.e., given ¢ : F — G, there exists a unique ® : F** — G that makes the obvious
map commute.

This # map is a collection {¢, : F(U) — F*(U)} for each open U, which maps f ~
odu(f). Now this ¢y (f) is itself a function which maps p — [f, U] € Fp.

Proof. (of theorem) The fact that F*"(U) is an Abelian group comes from the definition.
Check that the morphisms work well, so that this definition indeed defines a presheaf. By
definition of 7P (U) as well, we get that this is a separated presheaf, so we must now show
that the gluing property holds. Let {U;} be an open cover for U, {s; € F*"(U;)} satisfying
si luinu,= 8 luinu, for all i,j. Define s € F**(U) by s(p) = si(p) if p € U; (this is well-
defined by our requirement that s works well with overlaps in U;). To determine that this s
is indeed in F*2(U), we check that s(p) = s;(p) € Fp, and that Vp € U, the fact that p € U;
for some ¢ implies that 3p € V. C U; C U and ¢t € F(V) such that Vg € V, s(q) = [t,V].
This works by our definition of s and since s; € F*"(U;). This completes the proof of (1).
Now for (2), let p € X and define ¢ : F3* — F, mapping [s,U] — s(p). We claim this
is well-defined. If [s,U] = [t, V], then there exists p € W C U NV such that s |w=1 |w.
In particular, since p € W, then s(p) = ¢(p), so indeed this function is well-defined. For
the homomorphism property, %([s, U] + [t,V]) = w([s lony + lurvsU N V]) = (s oy
+t luav)(p) = s(p) + t(p) = (s + t)(p) = ¥([s,U]) + ¥([t,V]). Injectivity is tricky, so
we do surjectivity first. Let [t,V] € F,. Then t € F(V), so Oy(t) € FB(V). Note

P([0v (1), V]) = 0v(t)(p) Defp of 6 [t,V]. For injectivity, assume ¢ ([s,U]) = 0 € F,, which




implies that s(p) = 0 = F,. Since s € F*"(U), there exists p € V, C U and t, € F(V},)
such that s |y, = 6Oy, (t,) (this is by the second property in the “equivalent” definition of
F2(U). In particular, 0 = s(p) = [t,, V,] = Ip € W), C V,, C U such that t, |y, = 0 (this
is by the second proeprty in the original definition of F*(U)) and s |v,= 0y, (t,) = (s |v,
) lw,= 0, (tp) lw,= s lw,= 0w, (tp lw,) = Ow,(0) = 0= [s,U] =0 € F3". This gives us
our isomorphism and completes the proof of (2).

Recall the theorem that states that a morphism of sheaves is an isomorphism iff the
induced maps ¢, : F, = G, where ¢,([f,U]) = [¢u(f), U] are isomorphisms for all p € X.
We will attempt to show these induced maps are indeed isomorphisms so that we can get the
desired isomorphism for (3). Recall that 6, : F(U) — F*»(U) maps 6, (F)(p) = [f,U]. So

Op : Fp — F5" where 0,([f,U]) = [0.(f), U] & 0.(f)(p) = [f,U]. Hence 6, is the identity
map for all p, and by the one-to-one correspondence this is an isomorphism.
(4) We will prove this later. O

We give some definitions. ¢ : F — G is a morphism of sheaves. Then ¢ is injective if
ker ¢ = 0 and ¢ is surjective if Im ¢ := Impe " = G. We say F2 < F, or that F< is a
subsheaf of F, if F2(U) < F(U) for all U. A consequence of this is that 5 < F, for all p.
F< is also considered a subsheaf of F is there is an injective morphism i : F< — F. Take
FJFI(U) = F(U)/F(U); then we get a quotient sheaf by sheafification (!). Note that

pre

ker¢ < F and Im ¢ < G.

Proposition 2. ¢ : F — G is as above. Then ¢ is an isomorphism iff ¢y is an isomorphism
YU iff ¢p if an isomorphism Vp (by definition and by previous proposition). Furthermore,
@ s injective <= ¢y is injective YU iff ¢y, is injective Vp, and ¢ is surjective <= ¢, is
surjective Vp (we don’t get that ¢ surjective implies that ¢y is surjective for all U; see the
proof of the previous proposition). If ¢y is surjective for all U, then ¢ and ¢, are surjective.

In the last statement: that ¢y is surjective for all U implies that ¢, is surjective for all
p is clear by definition, but the reverse takes some work.

(10.10)

Proposition 3. If F satisfies the identity aziom (i.e., F is a separated presheaf), then 6
is injective (so in this case F < F*" and F is a subpresheaf).

Proof. Recall that 0y : F(U) — F"(U) is given by 0y (f)(p) = [f, U] (this is by definition
of what the sheafification of a presheaf is). If 6y (f) = 0, then 0y (f)(p) = [f,U] = [0,U] =
0 € F, for all p. Hence Vp, 3p € W), C U such that f |y, = 0. Now {W,} is an open cover
for U, so f = 0 by the identity property. O

Theorem 3. Let F be a presheaf, (F*",0) its sheafification. Then (F" 0) satisfies the
following wuniversal property: If G is a sheaf and ¢ : F — G is a morphism, then 3!
morphism ® : Fh — G such that ® 0 0 = ¢.

Proof. We define ®y : F*8(U) — GM(U) =2 G(U) where ®(s) : U — UyerG, is defined by
p— ®u(s)(p) = ¢p(s(p)) (again, recall s is a function in F*2(U), so s(p) makes sense).
We want to show this is well-defined. First we show that ®y(s) € G2(U) for all
U € Top(X), s € F"(U). We note that ®;(s)(p) € G, for all p by our definition of it, as per
condition (1) for sheafification. Furthermore, (we will choose ¢ = ¢/ (t), but our definitions



of V,t come later), then for all p € U, there 3p € V C U and t € G(V) such that Vg € V,
®y(s)(q) = [t,V]. This is since s € F*"(U), so that forallp € U, 3p € V C U and t € F(V)
such that Vg € V, s(¢q) = [t,V]. Then @y (s)(q) = ¢q(s(q)) = ¢q([t, V]) = [¢v (t), V] for all
q € V, proving (2) in sheafification. We also can show that ®y is a group homomorphism,
and that if W C U, ®y(s) |[w= Pw (s |w). This will show that we have a well-defined
morphism.

Now we outline how ® 06 = ¢. We recall the lemma from before that, if ¢, < : F — G
are morphisms of sheaves, then ¢ = < <= Yy = w; Vp € X, the induced maps. We can
then show that (® 0 0), = ©, 06, = ¢, for all p which are simple and left to the reader as
an exercise. :)

Finally we show that ® is unique. If 3W : F5* — G such that W of = ¢ = ® 06,
then this implies ¥, 0 0, = &, 0 §,. Now since 8, is an isomorphism (as we have seen in a
previous lemma), we get that ¥, = &, Vp, which implies ¥ = ®, giving uniqueness. O

Definition 6. If f : X — Y is continuous and F is a sheaf on X, we define the direct image sheaf
(f«F)(V) to be a sheaf on Y where (f..F)(V) = F(f~1(V)) where restrictions come from
F. If f: X = Y is continuous and G is a sheaf, then the inverse image sheaf f~1G is a
sheaf on X where for all U € Top(X), f~1G(U) = limy eop(y) G(V); this sheaf is given by

focv
sheafifying the resulting presheaf from this construction.

Example. Let iy, : {p} — X for p € X. Let F be the constant sheaf A on {p} where A is
an Abelian group (recall: this sends {p} to A and @ to 0). Then i, ,A is the direct image

{AifpeV

sheaf such that, VV € Top(X), ip.A(V) = A(i; }(V)) = .
OifpgV

> . This is deemed

the skyscraper sheaf; we have seen this before.

Example. Let i : Z — X be inclusion, where G is a sheaf on X. Then YU N Z € Top(Z2),
iU NZ) = lim, G(V) (sheafify). In the special case where Z is open in X,
i"1G(UNZ)=G(UN Z), so this does not need sheafification. In this case, we denote i ~*G
as G |z, a sheaf on Z.

Here is a note: we have (f7'G), = Gy(,) for all p € X. On the other hand, f, and f~!
are adjoint functors; that is, Homx (f =G, F) = Homy (G, f..F).



2.2 Affine Schemes. I am ready for more categories.

Definition 7. A ringed space (X,Ox) is a topological space X equipped with a sheaf of
rings Ox called the structure sheaf of X (on the topology of X).

A locally ringed space is a ringed space (X, Ox) such that the stalks Ox , are local
rings.

A morphism of ringed spaces (f, f# : (X, Ox) — (Y, Oy) consists of a continuous map

f: X — Y and a morphism of sheaves f# : Oy — f.Ox (or equivalent a morphism of
sheaves f# : Ox — f~'Oy). Recall that f.(Ox (V) = Ox(f~1(V)) for all V € Top(Y),
and since f~1(V) is open since f is continuous, this makes sense.

A local homomorphism is a ring homomorphism ¢ : A — B of local rings such that
¢~ 1(mp) = ma where ma, mp are maximal ideals of their respective spaces.

A morphism of locally ringed spaces is a morhpism of ringed spaces (f, f#) : (X,0x) —

(Y, Oy ) such that the induced maps on stalks fif : Oy,p — f+Ox p is a local homomorphism
Vp e X.

An isomorphism of locally ringed spaces is a morphism where f is a homeomorphism
and f# is an isomorphism of sheaves. If this (f, f#) exists, we say (X,Ox) and (Y, Oy)
are isomorphic.

A manifold of dimension n is a locally ringed space (X,60x) where X is second count-
able Hausdorff and X has a cover {U;} such that (U;,Ox |y,) is isomorphic (as locally
ringed spaces) to (U, CY)) for some open U C R™. Here Cf; is defined to be the continuous
functions C°(V,R) for all V' C U open.

Example. Let M be a smooth n-manifold. Then we can define T,M := {linear D :
C=(R) — C=(R) | D(fg) = D(£)g(p) + f(p)D(g)} = {linear D : C*(R) — CX(R) |
ditto }. We are heavily using that the functions C*°(R) on R form a sheaf, so that we can
retrieve global information from the local information given from stalks. This is equal to
{linear D : m, — C*(R)/m, = R} where m;, = {f € C;°(R) | f(p) = 0 | ditto }, since we
might as well only consider derivatives of functions whose values at p = 0 since derivatives
are translation-invariant. This equals { linear D : m,/ mf) — R}, the definition of tangent
space as given, where m,,/ mf) =T,X", the cotangent space.

Definition 8. Let (X, Ox) be a ringed space. A sheaf of Ox-modules (or Ox-module) is
a sheaf of Abelian groups F on X such that YU € Top(X), F(U) is an Ox(U)-module,
and where pwy @ F(U) — F(W) (always a group homomorphism) is an Ox (U)-module
homomorphism, where F(W) is given the Ox (U)-module structure from the pushforward
of pwu : Ox(U) = 0x(W) (a ring homomorphism). Once again, if ¢ : A — B is a group
homomorphism, then B is an A-module where a.b = ¢(a)b; this is the pushforward.

Our goal is to associate to every ring A a locally ringed space (an affine scheme)
(Spec A, Ogpec 4); to every A-module M, an Ogpeq(a)-module M (a quasicoherent sheaf);
and if A is Notherian and M is finitely generated, an Ogpec(a)-module M (a coherent sheaf).

We return to varieties for the moment. Recall that a morphism of quasiprojective va-
rieties is a continuous ¢ : X — Y such that, for every regular f € Oy (U), f o ¢ is regular
as an element in Ox (f~1(U)) = ¢.Ox (U). Hence with such a morphism we may define a
map ¢7 : Oy — ¢,.Ox given (ﬁf : Oy (U) = ¢.0x(U) = Ox(¢~1(U)) mapping f + fo¢.
This gives an example of the pushforward structure given here and relates our definition of
regular to our definitions.



Definition 9. An (abstract) algebraic variety is a locally ringed space (X, Ox) with a cover
{U;} such that (U;, Ox |v,) is isomorphic to an affine variety Vi.

A scheme is a locally ringed space (X, Ox) with a cover {U;} such that (U;, Ox
isomorphic to (Spec(A;), Ogpec(a,)) for some rings A; for all i.

Ui) is

Although we have not discussed all the following inclusions, we have that Ringed spacesD
Locally ringed spacesD Manifolds, and Locally ringed spaces O Schemes D Varieties.
(10.24)

Definition 10. Let R be a ring. The (prime) spectrum of R, denoted Spec R, is the set of
all prime ideals of A.

We note that elements of Spec(R) are denoted [P] for PR prime. We define V :
{Ideals of R} — {Subsets of Spec(R)} such that V(J) = {[P] € Spec(R) | f([P]) =0Vf €
J}, where f([P]) := f(mod p) in R/P. This notation comes from thinking of elements in
our ring R as functions: we can write f € R = f : Spec(R) — Uipjespec(r) 2/ P, where
7([P]) € R/P.

Definition 11. V(I) := {[P] € Spec(R) | P D I}. The Zariski topology on Spec(R) has as
closed subsets V' (I) for all ideals I < R.

We prove this is a topology. We get V((0)) = Spec(R), and V(R) = @ since we ask
that our prime ideals be proper. V(J) UV (K) = V(JK) since J, K are prime. (), V(J;) =
V (>, Ji). Since JK, )", J; are prime ideals, we are done.

Here’s where we will end up: we will be defining a sheaf of rings where our set is
Spec(R) with the Zariski topology and the global sections Ogpec(r) (Spec(R) = R.

If 6 : R — S is a ring homomorphism, we can define a continuous map Spec(f) :
Spec(S) — Spec(R) by Spec(0)([P]) = [0~ 1(P)]. The fact that such a function exists comes
from the correspondence theorem for (prime) ideals. For proof of continuity in the Zariski
topology, we observe that Spec(6)~1(V(J)) = V(8(J)), so closed sets pull back to closed
sets.

We make some notes here: if ¢ : R — S is injective, Spec(R) is a quotient space of
Spec(S). If ¢ : R — S is surjective, then we can embed Spec(S) C Spec(R) (as a subspace).

Let us observe how this Zariski topology behaves on Spec(R). Given [P] € Spec(R), we

get [P] = Nosp cosed = C = Nipjeviny) V) =Nicp V() = V(P). That is, the closure
of a point is itself in Spec(R) iff P is maximal.

We would like to get a version of Hilbert’s Nullstellensatz for this topology. For proving
this in the case of varieties, we needed that the maximal ideals of k[z1,...,z,] were all of
the form (1 —ay), ..., (z, —ay) for a; € k; plus we needed a Rabinowitsch trick. We claim
that the analogs of these statements for sheafs are trivial.

We quickly recall that V(J) := {p € A™(k) | f(p) =0Vf € J} and that I(W) :={f €
Elx1,...,zn] | f(p) = 0¥p € W} where V maps from ideals of k[z1,...,x,] to subset of
A"(k) and I maps from subset of A™(k) to ideals of k[x1, ..., x,] and A™(k) is n-affine space.
The weak Nullstellensatz for sheafs says that, if I C R is a proper ideal, V(I) # @. Every
proper ideal is contained in a maximal ideal, so this comes directly. For the strong version,
define I(W) :={f € R| f([P]) = O0V[P] e W} ={f € R| f € PV[P] € W} =(pjew P
for all W € Spec(R). But then we can prove what is desired, since I(V(J)) = (" pjev () £ =
(p-s P =: Rad(J) by the well-known theorem that the radical of an ideal is the intersection



of the prime ideals containing it.

Having this information, we look at some examples of affine schemes. Recall that, given
different fields, V(22 + 1) looks different: if R is our field this space is empty, but V(2% +1)
is (22 + 1) when our field over our affine space is C. This leads into our first example:

Example. Spec(Field). Looking at Spec(R) and Spec(C), these two are fundamentally
different even at [(0)]. The global sections on this point in Spec(R) are isomorphic to R
(requires justification), whereas on Spec(C) these global sections are isomorphic to C, and
R, C are not isomorphic.

Spec(DV R), where DVR is discrete valuation ring, meaning PIDs with exactly one
non-zero prime ideal. We start with a two-point space [(0)] and [(P)]. Our topology is
the empty set, {[(0)]}, and Spec(R), since the Zariski topology on this space says the only
closed space is [(P)].

Spec(Z). The prime ideals are (p) where p is prime. [(0)] is considered a fat point,
since (topologically speaking) it lives inside every other point.

Spec(C[x]) =: AY(C). The prime ideals are (z — a) or (0), the latter again being a fat
point. The geometric picture for this is C = R2.

Spec(R[z]) = {[(0)], [(z—a)](a € R), [(ax®+bz+c)](a, b, c € R,b*>—4ac < 0)}. These are
all the prime ideals in R[x] since any polynomial can be factored into linears and quadratics
(where coefficients of all polynomials are in R). Geometrically speaking, we can think of
Spec(R[z]) as a quotient of Spec(C[z]) in the following way: every linear (x — a) can be
mapped to the horizontal axis by the correspondence a <> (x — a). For quadratics, we
can map (az? + bz + ¢) to the zero with positive imaginary part. This is a one-to-one
correspondence, so Spec(R[z]) can be thought of as a the closed upper half-plane.

(Skipped 10.31; see Byeongsu’s notes.)

(11.7) Recall that we redefined our affine spaces A% and A to be Spec(Clz,y]) and
Spec(C, [z, y, z]), respectively. This space the fat point [(0)], the less fat points (f) for
f € C(z,y) (whose closures correspond to the one-dimensional vanishing sets typical in
A%), and the maximal ideals [(z —a, y —b)] (which correspond to single points in the plane).
We have mentioned that the closures are indeed these vanishing sets, and to see this we note
that S = V(I(S)) (which will be proven in the morning sessions) where V is vanishing of an
ideal and I(S) = NipjegP. Hence {[(x)]} = V(I(x)) = V(z) = {[(z)]}U{[(z,y—b)] | b € C}.
So the closure is indeed this fat point unioned with the y-axis. Also, {[(z2 +y% —1)]} =
VI@*+y?-1) =V(@*+y* - 1) ={[(@—a,y—b)] | a® +b* — 1 = 0} U{[(2* +y* - 1)]}

Now in A, the ideals corresponding to surfaces are not so simple, as can be seen by
the example of the twisted cubic which is the closure of (zz — y2,y — 22,2 — yz). There are
still lines generated by just one element - the z-axis is the closure of the fat point by (y, z).
Note that the closure of [(z)] contains the entire zy-plane as well as any curve living on the
xy-plane.

Now we move on to the spectrums of quotient rings. For any ideal J, we have
Spec(R/J) <> {[P] € Spec(R) | P D J} — Spec(R) where the embedding is Spec(¢) :
Spec(R/J) — Spec(R) is given by [P] — [¢~!(P)] where ¢ is the canonical projection of R
onto R/J.

Example. Spec(C[z,y]/(y—=?)) is the parabola y = 22 together with the fat point [(0)], or
the vanishing set of (y — 2?) with this fat point. Also, Spec(C[z,y]/(zy)) is the coordinate
axes with the fat points (z), (y), or the vanishing set of (zy) with these two fat points.



Also, Spec(Clz, y, z]/(x* +y* 4+ 2% — 1)) is the unit sphere in A2, together with all fat points
whose closures are curves in A% intersected with the sphere (the intersection of prime ideals
is prime).

Let S C R is a multiplicative subset. Then Spec(S™!R) < {[P]Spec(R) | PNS = @} C
Spec(R) (not necessarily an embedding here if R is not an integral domain; the canonical
projection ¢ : R — ST R is not necessarily injective).

There are two flavors of these localizations, given by different designations of the mul-
tiplicative subset: (1) S = R\ P,P <R, which yields Ry; (2) S = {1, f, f? ...} for f € R,
which yields Ry. Note that (1) Spec(R,) <+ {[Q] € Spec(R) | QN (R\ P) = o} = {[Q] €
Spec(R) | @ C P}; and (2) Spec(Ry) «» {[P] € Spec(R) | PN {1, f, f% ...} = o} P prime

{[P] € Spec(R) | PN {f} = @} = {[P] € Spec(R) | f ¢ P} = Spec(R) \ V(f) =: D(f), a
distinguished open set, since V(f) := V((f)) = {[P] € Spec(R) | f € P} by definition of V.

Example. (Of (1)) Spec(C[z,y](z,)). The only closed point is [(x,y)] which exists at the
origin of our picture, and the only other (fat) points that exist are [(0)] and those that
correspond to points going through the origin [(x,y)]; this is since we have localized at
this point. For instance, (y — 2?) is contained within (z,v), so the closure of (y — 2?) is a
parabola that goes through this origin, and (y — #2) is in our spectrum. However, the unit
circle (2 + y? — 1) is not in this picture.

Spec(Clz, y, 2](y,»)). This has the fat points (0), (y, 2), (2), (y), and all those curves in
y and z going through the x-axis. For instance, (y — 22).

(Of (2)) Spec(Clz, y],). This is the affine space minus the z-axis and the fat point (z),
as can be seen by our exposition of (2) above. Also, Spec(C|z,y, 2]g24,2_.2) is the entire
affine 3-space minus the cone.

(11.14) We now discuss function on Spec(R): for all f € R, we may make f a function
on Spec(R) into U[P]eSpec(R)R/P — U[P]GSpeC(R)kP(x) where [P] — f([P]) := f mod P.
For instance, (3 — 27) mod (z — 2) is 35, and (23 — 27) mod (z — i) is 27 —i. We can
generalize the topology on vector/fiber bundles to put a topology on Spec(R) that is the
weakest one such that all such maps f are continuous. (This will be formalized at morning
meetings.) We ask: what 5 are defined at [P] € Spec(R)? The answer: if g([P]) # 0; i.e.,

g ¢ P. In other words, g € Rp (localization), which is (R/P)"'R. We ask: what is the
domain of some 5? The answer: {[P] € Spec(R) | g([P]) # 0} = {[P] € Spec(R) | g ¢ P} =
{[P] € Spec(R) | P 7 (g9)} = Spec(R)\V(g) =: D(g), called the distinguished open set. (3)
What g are defined on D(h)? Answer: we cannot have any elements in the denominator
that might vanish on D(h), so the only elements that will suffice will be powers of h itself.
Hence the set we search for is {% : a € R,k e N} = R, = {1,h,h?,...} 'R,

We claim that {D(f) : f € R} forms a basis for the Zariski topology on Spec(R).
These distinguished open sets do not account for every open set in this topology. Note that
D(z) C Spec(Clz, y]) is everything but the y-axis, and D(y) C Spec(C|x,y]) is everything
but the x-axis. Hence Spec(R) \ V(z,y) = D(x) U D(y) is not a distinguished affine open
set in itself but will be open.

Definition 12. Let X be a topological space with basis B = {B;}ic;. A B-sheaf F on
X consists of the following data: (1) F assigns to each B; an Abelian group F(B;); (2)
F assigns to every inclusion B; C B; in B a group homomorphism p;; : F(B;) — F(Bj)
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satisfying (a) pii = tr(p,) and (b) By C B; C B; implies p = pji o pij; (3) if B € B
and {B;}icjcr is a cover for B with f € F(B) satisfying f |p,= 0 in F(B;) for all i € J,
then f = 0; (4) if B € B and {B;}icjcr is a cover for B with {f; € F(B;)} a collection
satisfying f; |g,= f; |B, for all 4,5 € J and By, € B such that B, C B; N Bj, then there
exists f € F(B) such that f |p,= f; for all i € J.

Definition 13. Let F be a B-sheaf on X. Then Vp € X, the stalk at 7 at p is F), =

lim €B—>€B .F(Bz) = {[f, Bl] | B; € B,f S ‘/—"(BZ), and [f, Bz] = [g,Bj] if 4By € B such that
pe b

p€ B, CB,NBjand f |.= g |B,-

Definition 14. Let F be a B-sheaf on X. The sheafification of F is given by the data:
VU € Top(X), F*MU) = {s: U — UpevFyp | (1)s(p) € F,Vp e U, (2)VpeU,3p€ B; € B
with B; C U and f € F(B;) such that Vq € B;, s(q) = [f, B;] in F,} and with restriction
maps being as usual.

Proposition. F*" is a sheaf on X. For allp € X, ]:Z‘jh >~ F,. For all B; € B, F*"(B;) =
F(Bi).

Proofs here are similar to those given before. In (2) we use the map ¢ : ]—";h — JFp given
by ¢([s,U]) = s(p) € Fp, and in (3) we use ¢ : F(B;) — F**(B;) mapping f — f where
f(p) = [f,B;] for all p € B;.

We now wish to extend our functions on Spec(R) in order to make a sheaf. Let
B ={D(f)| f € R} be our basis. Let F(D(f)) = Ry be our B-sheaf on Spec(R), with the
following restriction maps: if D(f) C D(g), then f € Rad(g) (Hilbert), so f* = gh for some
k € N and h € R. We may define py5 : Ry — Ry by mapping g‘fn — g“hi: = ‘}',j:: € Ry.
(This is a ring homomorphism. Believe it.) We claim that Ogpec(r),jp) = Rp. Define the
structure sheaf Ogpec(r) to be the sheafification of our B-sheaf. Then for all U € Top(X),
Ospectry(U) = {5 : U = Upeu Ry | (D)s([P)) € B, V[P € U (2¥[P] € U,3[P] € D(f) C
U and 4% € Ry such that V[a] € D(f), s([Q]) = 7% in R,}.

Theorem. (1) OSpec(R)(SpeC(R)) =R. (2) OSpec(R)(D(f)) = Rf' (3) OSpec(R),[P] = Rp-

Proof. For (1), note that Spec(R) = D(1). The rest come directly from the previous
proposition that the stalks and (local) rings associated with B € B in the B-sheaf are the
isomorphic to those in the sheafification. O



