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The algebra-geometry dictionary for affine schemes

Definition 1.1. Let R be a ring. The spectrum of R

Spec(R) = {[P ] : P ER is a prime ideal}
So {Ideals of R} is related to { subsets of Spec(R)} by V (·), I(·).
Definition 1.2.

V (J) = {[p] ∈ Spec(R) : f([P ]) = 0,∀f ∈ J} = {[P ] ∈ Spec(R) : P ⊇ J}.
by

R→ R/P by f 7→ f([P ]) = f mod P.

Definition 1.3. Zariski topology on Spec(R) Closed subsets are of the form V (J) for J ER

Definition 1.4.
I(S) = {f ∈ R : f([P ]) = 0,∀[P ] ∈ S} =

⋂
[P ]∈S

P

Note that ∀S ⊆ Spec(R), I(S) ER is a radical ideal.

Theorem 1.5. V (·) and I(·) satisfy the following properties.

1. J1 ⊆ J2 =⇒ V (J1) ⊇ V (J2) inclusion reversing

2. S1 ⊆ S2 =⇒ I(S1) ⊇ I(S2) inclusion reversing

3. J1 ∩ J2 =⇒ V (J1) ∪ V (J2) union and intersections

4. S1 ∩ S2 =⇒ I(S1) ∩ I(S2)union and intersections

5. V (I(S)) = S̄ how to take closure

6. I ER but I 6= R =⇒ V (I) 6= ∅. Hilbert Nullstellensatz

7. I(V (J)) = Rad(J). Hilbert Nullstelensatz

8. V (J) = V (Rad(J)).

9. V (J1) ⊆ V (J2) ⇐⇒ Rad(J1) ⊇ Rad(J2)

10. V (·), I(·) are inverses and give 1-1 correspondence in the following sense

Ideal ⇐⇒ subsetofSpec(R)

Radicalideal ⇐⇒ closedsubsets

Primeideals ⇐⇒ irreducibleclosedsubsets

Maximalideals ⇐⇒ closedpoints

Proof of the last statements. Let S ⊆ Spec(R) be irreducible closed subset. We want to show I(S) is prime.
Let fg ∈ I(S) =

⋂
[P ]∈S P . Thus, fg ∈ P for all [P ] ∈ S. Hence, f ∈ P or g ∈ P,∀[P ] ∈ S. Hence,

∀[P ] ∈ S, [P ] ∈ V (< f >) or [P ] ∈ V (< g >).

So,
S = [S ∩ V (f)] ∪ [S ∩ V (g)]

So S ∩ V (f) is closed, and S ∩ V (g) is also closed. Hence, WLOG, S = S ∩ V (f). This implies S contained
in V (f). Thus,

∀[P ] ∈ S, f ∈ P =⇒ f ∈ ∩[P ]∈SP = I(S).

Let P be prime, and assume V (P ) = V (J1) ∪ V (J2)(∗). Then, ∀[Q] ∈ V (P ), Q ⊃ P and (∗) implies
Q ⊃ J1 or Q ⊃ J2. In particular, P ⊇ P , so P contains J1 or J2. WLOG, say P ⊇ J1 Then,

V (P ) ⊆ V (J1) ⊆ V (J1 ∪ V (J2) = V (P )

implies V (P ) = V (J1).
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1.1 Affine Schemes Everyone should know (in CJ’s opinion)

1. Spec(Field) = •︸︷︷︸
[(0)]

2. Spec(DVR) = •︸︷︷︸
[(0)]

, •︸︷︷︸
M

. So {M} is maximal, so closed, but {(0)} is open.

3. Spec(Z) = {[p] : p is prime} ∪ {0}. But it has no discrete topology; points are not open. Also, (0) is
open.

4. Spec(k[x]), k is algebraically closed. Then, {(x− a) : a ∈ k} ∪ {(0)}. Closure of (0) is whole points, so
it has dimension 1, so (0) itself can be regarded 0 dimension intuitively, but not rigorous sense.

5. Spec(R[x]) Upper Half space itself and (0). So closure of (0) is 2 dimension.

6. Spec(Fp), Spec(Q[x]). SInce both polynomial rings are PID, so P = (f) where f is irreducible, which
is related to minimal polynomials can be identified .

Spec(Q[x]) = Q̄/ ∼ ∪{[(0)]}, Spec(Fp) = F̄p/ ∼ ∪{[(0)]}.

by like this; ±i ⇐⇒ (x2 + 1), 3rd roots of unity ⇐⇒ x2 + x+ 1

7. SpecZ[i]. Z→ Z[i]. So, each prime in integer may not be prime in Z[i]. We know that p ∈ Z is prime
if and only if p ∼= 3 mod 4. And p = π · π′ ∈ Z[i] if p 6= 2 and p ∼= 1 mod 4, where π, π′ are conjugate.

For example, (3) is (3), (5) is decomposed to (2 + i), (2 − i)... And (1 + i), (2) are exceptions of the
rules, but prime. And also we have (0).

8. Spec(Z[x]) =


[(p)] p ∈ Z prime

[(f)] f ∈ Z[x] is irreducible

[(p, f)] p ∈ Z prime, f is irreducible in Fp[x]

[(0)]

. first two cases are not maximal. Third

one is maximal.

Arithmetic surfaces, Mumford treasure map, .... Taken picture!

9. Spec(k[x, y]), where k algebraic closed. Then

Spec(k[x, y]) =


[(0)]

[(x− a, y − b)], a, b ∈ k maixmalA2
k-traditional

(f) f ∈ k[x, y] is irreducible

Also take picture!

Two dimensional point [(0)]

10. Spec(C[x1, · · · , xn]) is usual points + fat points for every irreducible subvariety.

First think maximal ideals if we think Spec!
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