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Z%-graded k[NA]-modules

An affine semigroup ring k|NA| is a combinatorial
friendly ring with a natural Z%graded structure.

oSet A:={a;,--- ,a,} C Z% and identify it as a
d x n matrix; then NA := {A - v : v € N"} form
a monoid, called an affine semigroup.

o An affine semigroup ring k|NA| .= k[t“|"_, is a
subring of the Laurent poly. ring k[tT,-- -, t5].

o k[NA]J is Z%graded by setting deg(t?) = a.

o Given a Z%graded k|NAJ-module M, a-graded
part of M is M, :={x € M : deg(z) = a}.

odeg(M) :={a € Z*: M, # 0}.

Examples of Z%graded modules

e Polynomial rings

Let A be a standard basis of Z% Then NA = N¢.
kINA| = Kk|x1,- -+, z,], graded by deg(x;) = e;.

is a monomial ideal (Fig. 1(a))
) [ ] k[87 St) StQ]v | = < 2t27 t>

k[(NA)sat| /k|NA] as a module (Fig. 1(b))
NA)w = RsgAN 7% is the saturation of NA, and
NA)st \ NA is the holes of NA.
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ex) A= [53435], then k[(NA)w] = k[s, 2].
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(a) : ks, st, st?] /(s°t?, s7t)  (b) : ks, t] /Kk[s ¢, 57, ]

Figure 1:Z%graded modules over affine semigroup rings

When is the multi-graded module over an affine semigroup ring

Cohen—Macaulay?

Byeongsu Yu (joint w. Laura Matusevich), Texas A&M University

Degree pairs

Ishida Complex

L Ll Let Mg be the localization by a monomial prime
Fact:Graded prime ideals <> Faces of R>gA |3] ideal corresponding to F' € F(R=yA).
® Specyo, (k[NA]) = F(R>0A) L*: - & L= & k[NA]» & - -

o (a,F) e deg(M) x F(R>¢A) is a proper pair.
(b,G) it a+ NF C b+ NG

e Degree pairs are maximal proper pairs w.r.t. <.

o(a,F) <

Degree pairs are the generalization of standard
pairs |1,5] of the quotients of affine semigroup rings.

FEF(RZ()A)k_l
The differential 0 is induced by a comp.wise map

0 fF¢G

°(::1) it F' C G
Hy(M) = H"(L* @yq) M)

MisCM <= Vk#d, Hi(M) =0

81:,@ Z k[NA]F — H{[NA]G S.T.

Thm 1 |4
Thm 2 4

Combinatorial Cohen—Macaulay criteria (Matusevich, Yu.) [1]

Given a ZimkNALoraded module M over an affine semigroup ring kINA,

o M is Cohen—Macaulay module if and only if every chaff attached to grains of deg(M) is either acyclic or

(—1)-dimensional

o Especially, k|NA

either acyclic or (—

Example of degree pairs

at homological index dim k|NA].

/1 is Cohen—Macaulay ring if and only if every chafft attached to grains of k|NA| /I is
1)-dimensional at homological index dim k| NA|.

Hochster-type formula

Given A =

Q01111
200101
020011

(a)k[(NA)w] /k[NA] =

De; Pairs: [EENNGER, (PEA YY), [EATNS)

(b)k[NAJ/1

Deg Pairs: (1, {a1, as}), [

Figure 2:Degree pairs

Degree pairs with the same face (a, ') and (b, F')
overlaps if (b+ NF) N (a+ NF') # (). Overlapping
is an equivalence relation.

An overlap class |a, F'| is the equiv. class containing

(a, F). Let Ula, F'| = U, p;ya + NF. Likewise, let
Udeg(M) = Uperr.,a) deg(Mp)
The smallest topology on U deg(M ) in which U|a, F']

is clopen for any equiv. class |a, F'| from any local-
izations is called degree pair topology.

] and [ = (z, xyz, vy2?),
klz,y, 2 ]/k[NA]

} )8y, {az) )}

rz,{a, as

Lett N A Grain G is a minimal open set of the degree pair
klz,y, 2] /[kINA] : {o} topology. Chaff D¢ of a grain G is the set of faces
kINAJ/T : {00} F such that deg(Mp) O G.

Prop. [2| Grains G(M) of Udeg(M) are finite.
Indeed, Dg is an interval of F(R>gA); thus forms
an abstract polyhedral complex.

Thm. |[2|] The multi-graded Hilbert series for
H (M) of a finely Z-graded module M is

Hilb (H; (M), t 2 (Dg: k) (Xaect?)
Y where o is the dimension of the minimal face in Dg.

In other words, Hilb (HL (M), t) is a finite rational
sum over the homology of polyhedral cell complexes.

— ZGEQ(M) dimk H

of k[(NA)w] /KINA] and k[NAJ/I
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Example of Hochster-type formula

A =531 with Fi := Rsg|{] and F5 := R |1].
I:= (zl112]) c K[NA]. Then,
L*:0— k[NA] — k|NA]; s @ k[NA
All comps. and degree space are depicted below.
t t

St%O.

(kINAJ/T)s

Figure 3:An irreducible decomposition

U deg(M)

Grain A A O A A O

Chatft {@,Fl} {@,FQ} {@} {Fl} {FQ} f(R>QA)

Grain Chain complex of chaff Exact?

AA 0—-K—=K—0

Fxact!

° 0 —K—=0—0 Not Exact
AA 0—=0—=K—=0 Not Exact
o 0 >K —K?—0 NotExact

Thus,
Hilb(H (k|[NA]/I);s,t) = s°t = not CM.
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